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ABSTRACT.  In modeling ultrasonic phased array inspection systems one needs to characterize the 
electrical and electromechanical components of the system and the radiation properties of the 
individual array elements since both of these properties are important in being able to model the 
overall response of the array to any flaws present. Models for determining each of these elements 
will be obtained and issues unique to phased array systems will be discussed. 
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INTRODUCTION 
 
To model an ultrasonic flaw measurement system that uses a single element 
transducer or transducers, one can use an ultrasonic measurement model of either the Auld 
type or the Thompson-Gray type [1] to describe the measured voltage received from a flaw. 
The inputs needed for these measurement models are: a system function  that describes the 
electrical and electromechanical parts of the system, a beam model that describes the 
radiation characteristics of the transducer(s) involved, and a flaw scattering model that 
gives the scattered wave field that arise from interactions with whatever flaws are present 
[1].  These same inputs are needed to describe the measured voltage of an ultrasonic phased 
array system but there are the issues present in modeling phased array systems that are 
more complex than those found in single element transducer systems. We will describe 
here some of those issues and provide some explicit solutions. 
 ARRAY SYSTEM FUNCTIONS 
 In single element transducer systems, all the electrical and electromechanical parts of the measurement system (pulser/receiver, cabling, transducer electrical and 
electroacoustic properties of the transducer) can be lumped into a single frequency 
dependent system function, ( )s f , that can be measured in a reference calibration setup [1]. 
Since an array is just a collection of small individual elements, system functions can be 
defined in the same 
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FIGURE 1. Calibration setup to determine the system function associated with a pair of elements where a 
linear array is placed at normal incidence to a plane reflecting surface. The distance x xn s  shown is the 
separation distance between the two elements being considered in terms of the pitch, xs , of the array. 
 
 
fashion for each pair of sending and receiving elements present in a measurement. Even for 
linear arrays, however this leads to a large number of system functions, ( )mns f , that need 
to be measured. For a linear array with M elements, for example, even if one assumes that 
the system functions are symmetric ( i.e. mn nms s= ) there are (M)(M+1)/2 measurements 
required to cover all the combinations of send-receive element pairs. For a 16-element 
linear array this would require at least 136 measurements. Fortunately, in measurements of 
several commercial linear phased array transducers Huang and Schmerr [2] found that all 
the system functions were very similar so that the elements of the array have essentially 
only one system function, i.e. ( ) ( )mns f s f≅ . The system functions were obtained in [2] in 
a simple calibration setup where the array was placed parallel to a planar surface and the 
pitch-catch response of the waves reflected from that surface were obtained for each pair of 
elements (see Fig. 1). In this setup, the frequency spectrum, ( )mnV f , for the mth element 
transmitting and nth element receiving was related to the system function, ( )mns f , and an 
acoustic-elastic transfer function, ( )Amnt f , that models the generated and received acoustic 
waves, i.e. 
 
( ) ( ) ( )Amn mn mnV f s f t f=                (1) 
 
In [2] an explicit model for these transfer functions was obtained for a linear array of 
rectangular elements so that dividing the measured voltages by the know transfer functions 
(with a Wiener filter to desensitize this deconvolution process to noise) gave the system 
functions for such an array. To apply this same procedure to 2-D matrix arrays, therefore, 
one needs to have the corresponding acoustic/elastic transfer functions. Recently, we have 
obtained explicit expressions for these functions for a 2-D array of rectangular elements in 
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FIGURE 2.  Calibration setup to determine the system function associated with a pair of elements where a 2-
D matrix array is placed at normal incidence to a plane reflecting surface. 
 
the same calibration setup involving reflection from a plane surface (see Fig. 2). The details 
of the derivation of these transfer functions are lengthy so that they will not be given here 
but the end result is in a form similar to that found in [2] for a linear array, specifically: 
 
( ) ( )
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           (2) 
 
where F is a Fresnel integral, ( )2 ,2a b are the lengths of an element in the x- and y-
directions, respectively, d is the distance from the array to the plane surface, and ( ),x ys s are 
the pitches of the array in the x- and y-directions, respectively. The distances ( ),x x y yn s m s
are the distances between the centroids of the mth and nth element being considered (see 
Fig. 2) in terms of these pitches. The parameter ( )fα = α is the frequency 811
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FIGURE 3. Ratio of the finite impedance baffle directivity of an element in immersion testing to that of an 
element in a rigid baffle showing the influence of the baffle impedance as a function of the angle θ. 
 
dependent attenuation, 12R  is the plane wave reflection coefficient for normal incidence to 
the planar surface, and k is the wave number. Equation (2) reduces to the previously 
obtained result for a linear array [2] if one sets 0ym = . This equation now makes it 
possible to characterize the system functions of both the linear and 2-D matrix arrays 
commonly used in the NDE field. 
 
Radiation Characteristics of an Array Element 
 
For NDE systems that use single element transducers, the transducer is usually 
modeled as a constant velocity (piston) source in an infinite plane rigid baffle [3]. 
Assuming the velocity is zero on the plane baffle is likely a good assumption since at the 
frequencies used in NDE tests large, single element transducers radiate a highly directional 
beam that travels normal to the face of the transducer so that inherently the fields are small 
on the plane of the baffle anyway. For the small elements used in phased arrays, the piston 
source behavior may also be assumed but the radiated wave field of an element extends 
over a wide range of angles so that the behavior of the fields at the plane of the element 
may need to be more carefully examined. Certainly, the material surrounding an element is 
not rigid so that a more appropriate model is to consider the element as embedded in a 
baffle with a finite specific acoustic impedance, bz [4]. It is well known that a rectangular 
element in a rigid baffle that radiates into a fluid (immersion case) has a far field directivity, 
( ),rbD θ φ  given by [1] 
 
( ) ( ) ( )( )( )
sin sin sin sin sin cos
, ,
sin sin sin cosrb
ka kb
D f
ka kb
θ φ θ φ
θ φ =
θ φ θ φ
                         (3) 
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FIGURE 4. Ratio of the finite impedance baffle directivity of an element in contact testing to that of an 
element in a rigid baffle. In the contact case this ratio is very close in behavior to the additional directivity 
factor present for a stress-free surface where the baffle impedance is zero. 
 
where ( ),θ φ  are spherical coordinates, with θ the angle measured from the axis normal to 
the element face. If one replaces the rigid baffle by one with a finite impedance and uses an 
angular plane wave spectrum of the radiated field it is possible to evaluate that field 
explicitly in the far field. It is not difficult to show that the far field directivity of an 
element with a finite impedance baffle in an immersion setup is ( ), , /fb b pD z zθ φ , where 
 
( ) ( )( ) ( )
/ cos
, , / ,
/ cos 1
b p
fb b p rb
b p
z z
D z z D
z z
θ
θ φ = θ φ
θ +
             (4) 
 
Here pz is the specific acoustic impedance of plane P-waves in the fluid. We see 
from Eq. (4) that the rigid baffle case is simply modified by an additional θ-dependent 
factor. This factor is plotted in Fig. 3 for some different relative impedances (the baffle 
impedance was taken to be that of an epoxy filling between elements in an array and the 
impedance of water was assumed for the fluid) and compared to the rigid baffle case. It can 
be seen from Fig. 3 that the finite impedance of the baffle causes an amplitude change and 
introduces an additional directivity not found in the rigid baffle case. 
For an array radiating directly into a solid (contact testing case) one finds instead 
 
( ) ( )( ) ( )
2 2 2cos / 2 sin
, , / ,
2 sin , /fb b p rbb p
D z z D
G z z
κ θ κ − θ
θ φ = θ φ
θ
              (5) 
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FIGURE 5. Far field directivity, D, of an element in a 5 MHz 16 element linear array used in immersion 
testing (pitch = 0.6 mm width = 0.5 mm, height = 10 mm). Dashed line -model results for a rigid baffle, solid 
line – experimental results. 
 
 
where 
( ) ( )
( )
22 2 2 2 2 2
2 2
, / / 2 1
/ 4 1
b p
b p
G x z z x x x x
z z x
= κ − + − κ −
+ κ −
             (6) 
 
and /p sc cκ = is the ratio of the compressional wave speed of the solid, pc , to the shear 
wave speed, sc . Note that in the contact case the element is modeled as a constant pressure 
source acting on the surface as opposed to a piston (constant velocity) source model in the 
immersion case. In the limit as / 0b pz z →  one has 
 
( )
( )
( ) ( )
2 2 2cos / 2 sin
, ,0 ,
2 sin ,0fb rb
D D
G
κ θ κ − θ
θ φ = θ φ
θ
             (7) 
 
which is the directivity of an element acting as a constant pressure on an otherwise stress- 
free surface. However, as can be seen from Eq. (7)  the free surface directivity is not the 
same as the directivity of an element in a rigid baffle because of the additional factor 
present in Eq. (7). Figure 4 shows that the ratio of the far field directivity for an element on 
a surface of finite impedance to the rigid baffle directivity is almost identical to the 
additional free surface factor present in Eq. (7). 
It would appear from Figures 3 and 4 that finite baffle impedance effects may be 
significant in the immersion case, but of little consequence in the contact case if simply 
uses the free surface directivity of Eq. (7). In general this may be true  but in most 
commercial NDE arrays the element size is one wavelength or larger, so that the main lobe 
of the rigid baffle directivity is then confined to angle θ of 30 degrees or less. Over a range 
of zero to thirty degrees, Fig. 3 shows that the main effect of the finite impedance in such 814
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 cases is to simply change the amplitude of the directivity by a factor that is approximately 
constant in θ . If one uses a rigid baffle model to model the radiation of an array element 
this type of constant factor will be unimportant since it can be accounted for in the 
experimental determination of the system function, which also uses a rigid baffle model in 
determining the acoustic-elastic transfer function. 
Although finite impedance effects of the baffle used to model the radiated field of 
an element may not be significant, there can be other properties of an array that also affect 
this directivity. There may, for example, be electrical interactions between elements so that 
when driving a particular element adjacent elements are also excited. Similarly, there may 
be acoustic interactions between a firing element and its neighbors. Like the impedance of 
the baffle, both of these types of interaction effects will affect the far field directivity  since 
if one has a both a firing element and its surrounding neighbors active the radiated field 
will appear to be coming from an element whose effective size is larger than that of only a 
single element firing. Electrical and acoustic interactions between elements are complex so 
that in general one has to use highly numerical models such as finite elements to study 
these effects [5]. However, a more practical approach to determine these efects is to 
measure the directivity of individual elements in an array being used to see if they are 
important. Figure 5 shows the results of such measurements for an element of a 16 element, 
5 MHz linear array. In that case it appears that the rigid baffle model is close to that of the 
measured values. 
 
MEASUREMENT MODELS 
 
For ultrasonic NDE flaw inspection systems that use large, single element 
transducers, one can model the received voltage (in the frequency domain) through the use 
of a reciprocity principle originally developed by Auld [1]. Since an array is just a 
collection of small transducers, the same model can be used for each pair of sending-
receiving elements in an array. Specifically, we have 
 
( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( )1 2 2 11 2
f
mn
mn m n n ma
Srm m n
s f
V f dS
Z f v f v f
= ⋅ − ⋅∫ t v t v             (8) 
 
where ( )mnV f is the voltage received by the nth element when the mth element fires, 
( )mns f is the system function associated with this pair of elements and ( )armZ f  the 
acoustic radition impedance of the mth element. The fields 
( ) ( )1 1,m mt v  are the stress vector and 
velocity vector on the surface of the flaw, fS , for state (1) , which is defined to be where 
the mth element is firing with a velocity ( )1mv  on its face, and the flaw is present. Similarly, 
( ) ( )2 2
,n nt v  are the stress vector and velocity vector for state (2), which is defined to be where 
the nth receiving element is firing with a velocity ( )2nv on its face, and the flaw is absent. 
The fields on the flaw surface in both these states can be obtained as long as one has both a 
beam model for each element in the array and a flaw scattering model that can predict the 
interaction of this beam with the flaw. For small flaws one can go one step further and 
reduce this Auld model to the more explicit form of the Thompson-Gray measurement 
model [1]. Either the Auld model or the Thompson Gray model gives us an explicit way to 815
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 model the flaw signals measured from each of the elements. These individual signals can 
then be combined and processed in various ways to generate composite flaw responses or 
flaw images. It can be seen from Eq. (8) that the system functions are an explicit part of the 
measurement model. Similarly, the baffle effects discussed previously play an important 
role in Eq. (8) implicitly, since they can affect the validity of the models used to predict the 
incident wave fields generated by the array. 
 
SUMMARY AND CONCLUSIONS 
 
We have derived the acoustic-elastic transfer functions needed for measuring the 
system functions of 2-D matrix arrays as well as linear arrays where the elements are 
rectangular and behave as piston sources. These system functions, as seen in the previous 
section, are essential elements needed to model the received voltage response of elements 
in an NDE flaw measurement. We have also discussed the effects of the impedance of the 
baffle surrounding a small element on the radiation characteristics of that element. It was 
found that the impedance effects can be important for arrays used in immersion testing, but 
only for arrays with elements whose dimensions are less than a wavelength. In contrast, 
impedance effects for arrays used in contact testing are typically negligible for both large 
and small elements. 
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